Recently it has been proposed that the classical diffraction limit could be overcome by taking into account multiple scattering effects to describe the interaction of a probing wave and the object to be imaged [Simonetti, Phys. Rev. E, 73, 036619, 2006]. Here this idea is illustrated by considering two point scatterers spaced much less than a wavelength apart. It is observed that while under the Born approximation the scattered field pattern is similar to that of a monopole source centered between the scatterers, multiple scattering leads to a more complicated pattern. This additional complexity carries information about the subwavelength structure and can lead to super resolution in the presence of large noise levels. Moreover, it is pointed out that the additional information due to multiple scattering is interpreted as a form of coherent noise by inversion algorithms based on the Born approximation.
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Introduction
The classical diffraction limit excludes the possibility of resolving, under realistic measurement noise levels, features of a wave scattering object which are less than λ/2 apart, λ being the wavelength of the probing field. This is also the theoretical limit as predicted by Wolf in 1969 [1] in the context of full view diffraction tomography. A typical full view configuration is depicted in Fig. 1(a) ; an object is illuminated from a number of directionsr 0 around it and for each illumination the scattered field is measured under different directionsr, both illumination and detection being performed in the far field. The λ/2 limit is derived under the Born approximation which neglects multiple scattering events taking place within the object as the probing wave travels through it. The approximation leads to a one-to-one mapping between the measurements and the spatial harmonics of the object greater than λ/2 (see, for instance, Ref. [2] ).
Recently it has been proposed that multiple scattering could be the key to extract subwavelength information from far-field measurements [3] . Thus, by using the T-matrix formalism, it has been shown that thanks to multiple scattering, a single far-field measurement depends on the entire spectrum of the object rather than on a single spatial frequency. As a result, by solving the inverse scattering problem (i. e. the reconstruction of the object structure from the far-field measurements) subwavelength resolution could be obtained in the presence of large noise levels. This has been confirmed numerically [4, 5] and experimentally as reported by Chen and Chew [6] in the case of microwave sensing and in [3, 7, 8] with ultrasound probing. The beneficial effect of multiple scattering has also been investigated in the framework of parameter estimation by Marengo and Gruber [9] and more recently by Sentenac et al. [10] . These studies have considered the probabilistic nature of noise and analyzed the Cramér-Rao Bound (CRB) for the variance of the estimated positions of the two scatterers [9] or their relative distance [10] , with and without multiple scattering. In [9] the analysis was carried out by considering two pairs of strong and weak point like scatterers, and it was shown that the CRB in the case of strong scatterers, which lead to significant multiple scattering, can be lower than that corresponding to the Born approximable weak scatterers, thus suggesting that multiple scattering can lead to a better estimation of the distance between the scatterers. The numerical results presented in [9] were obtained for a fixed configuration of the scatterers and varying the level of additive noise. On the other hand, in [10] the study was performed for a fixed level of multiplicative noise and varying the relative distance between two dielectric spheres, the polarization of the illumination and the orientation of the spheres relative to the probing aperture. Except for a particular orientation of the scatterers, the CRB obtained in the presence of multiple scattering was always lower than that obtained under the Born approximation.
The aim of this paper is to provide further insight into the mechanism which leads to subwavelength resolution imaging from far-field measurements by means of multiple scattering, combining the deterministic approach of [11] and the probabilistic considerations in [9, 10] . For this purpose, the scattering response of an object consisting of two point scatterers spaced by less than a wavelength apart is investigated, from both forward and inverse scattering points of view. In the forward scattering analysis, the goal is to gain insight into the different information about the scattering object that is communicated into (available in) the far field by the Born approximation and by an exact model which includes multiple scattering. From the inverse scattering point of view, the aim is to illustrate in a realistic imaging context which includes noisy data how different assumptions on the forward models give rise to different image quality or "resolution limits". It is important to point out that, strictly, point scatterers are not suitable to study interactions at subwavelength scale, as they require the size of the scatterers to be much smaller than their relative distance which is itself smaller than the wavelength. This makes the experimental validation of such a model very challenging. On the other hand, the case of two point scatterers can be treated analytically and most resolution studies consider this case.
The forward scattering problem is studied by considering two different physical models. The first corresponds to the Born approximation while the second uses the Foldy-Lax model [12] which includes multiple scattering. It is shown that multiple scattering has a double effect on the quality of an image. First, the presence of strong multiple scattering in a real experiment encodes additional information about the subwavelength structure of the object in the far field, leading to images with subwavelength resolution also in the presence of relatively large noise levels. Second, an inversion algorithm which does not take into account multiple scattering would interpret this additional information as a form of coherent noise, so degrading the quality of the image. The first point is demonstrated by using a shape reconstruction method termed Time Reversal and MUSIC (TRM) which belongs to the category of the so-called linear sampling methods in inverse scattering (see, for instance, Ref. [13] ). It can lead to unlimited resolution in the absence of noise, and has the same mathematical formulation whether or not multiple scattering is present in the forward model. TRM, like the Factorization Method [14] , does not require any prior knowledge about the scatterer shape, size and material consistency [15, 16] . As a result, TRM applied to data predicted under the Born approximation or under the Foldy-Lax model, and corrupted with additive noise, provides a means to investigate the encoding of subwavelength information in the far field. Indeed, it is shown that the reconstructions obtained when the scattered field is calculated including multiple scattering have higher resolution than those obtained when the forward scattering is modeled by the Born approximation.
In order to address the second point, a different algorithm, the Maximum Likelihood (ML) method, is considered. The ML method is based on a particular choice of the forward scattering problem, either the Born approximation or the Foldy-Lax model; therefore, in contrast with TRM, the ML inversion method takes two different mathematical forms depending on whether the assumed forward model is the Born approximation or the Foldy-Lax model. In this way, it is possible to investigate the effects of multiple scattering present in the data on the performance of inversion methods which are based on the Born approximation or (more exactly) account for multiple scattering.
Section 2 provides general remarks on the inverse scattering problem with a particular emphasis on conventional super resolution techniques based on the Born approximation. Section 3 studies the far-field patterns of the scattered field predicted using the Born approximation and the Foldy-Lax model, pointing out the physical inconsistence of the Born approximation for closely spaced scatterers. Based on the different structure of the two fields, Sec. 4 discusses the mechanism which leads to the encoding of subwavelength information in the far field. Sec. 5 compares the resolution achieved with the TRM method under the Born approximation and that obtained when the scattering mechanism is described by the Foldy-Lax model. Section 6 studies the effects of the scattering model assumed in the inversion algorithm on the quality of the reconstructions when multiple scattering has a strong influence on the measurements. Conclusions are given in Sec. 7.
Remarks on the inverse scattering problem
Let us assume that the total field around an object due to an incident plane wave can be described by a scalar potential, ψ, solution to the Lippman-Schwinger equation
where exp(i kr 0 · r) is the incident plane wave (traveling in the direction defined by the unit is related to the index of refraction, n(r), through the relation O(r) = k 2 [n 2 (r) − 1] (see for instance [2] ). It has to be observed that in general, the object function is a function of the angular frequency ω. However, the analysis performed in this paper will consider monochromatic wave fields, therefore the explicit dependence on ω is omitted.
From eq. (1) the asymptotic form of the total field is
where f (kr, kr 0 ) is the scattering amplitude. Moreover, f (kr, kr 0 ) is the kernel of the far-
, where S is the unit sphere in R 3 , in particular,
The far-field operator can be measured experimentally by illuminating the object from all possible directionsr 0 and for each of them detecting the scattered field in all directionsr.
In this context, the inverse scattering problem consists of reconstructing O(r) from the knowledge of T ∞ . It can be shown that the solution to this problem exists and is unique (see, for instance, Ref. [17] ). Note that this is true for both the single-scattering and multiplescattering forward models. From a mathematical point of view, the uniqueness implies that the object could be reconstructed with unlimited resolution, since only the exact object function is a solution to the inverse problem. Although the solution exists and is unique, the problem is ill-posed in the sense of Hadamard [18] due to the instability of the solution which does not vary continuously with the input (measurements). Therefore, small measurement errors can be amplified in the reconstructed image leading to significant artifacts or even causing the non-existence of the solution. As a result, central to the imaging problem is being able to find the solution to the inverse scattering problem in a stable fashion. The inversion can be carried out in the framework provided by the Born approximation, or in a more general scenario which accounts for multiple scattering. The methods developed in the latter case are a generalization of those derived under the Born approximation and are equivalent to them when multiple scattering effects are weak.
The scattering problem can also be formulated in the spatial frequency domain, known as the K-space, where the role of the spatial vector r is now played by the wavenumber vector, Ω, so that, for example, in place of the object function O(r) the relevant quantity becomes the Fourier transformÕ(Ω) of O(r), in particular,
Under the Born approximation, it is possible to obtain a one-to-one mapping between the far-field measurements andÕ(Ω), given by
see, for instance, Ref. [2] . This is illustrated in Fig. 1 centered at the origin of the K-space and known as the Ewald Limiting Sphere (ELS) [1] .
The procedure for populating the K-space is schematically shown for the two-dimensional case in Fig. 1 (b) which also shows the associated ELS. In two-dimensional space, the ELS corresponds to a circle (the Ewald limiting circle). As a result, the spatial harmonics with wavelength shorter than λ/2 do not affect the far-field measurements. Physically this is due to the fact that the background medium does not support the propagation of harmonics with wavelength shorter than λ [19] . These harmonics, which contain the information about the subwavelength structure of the object, are instead localized in the near field of the object in the form of evanescent field components which cannot be detected by far-field sensors.
The absence of a direct link between the measurements and the subwavelength structure of the object causes severe instability in the solution to the companion inverse scattering problem (of deducing O(r) from the available data on the scattering amplitude f (kr, kr 0 )) and results in a practical resolution limit due to the presence of noise. Current imaging technology addresses this instability by assuming thatÕ(Ω) vanishes outside the ELS. This approach, which represents a form of regularization, leads to diffraction tomography which can reconstruct a low pass filtered version of O(r) without the spatial harmonics shorter than λ/2. As a result, the missing link between the spatial harmonics of the object shorter than λ/2 and the far-field measurements imposes a practical lower bound for the resolution of λ/2.
It is important to put diffraction tomography in the context of super resolution imaging methods. First it is observed that it could appear that diffraction tomography violates the condition of uniqueness of the solution to the inverse problem. In fact, two different object functions with the same frequency content within the ELS but different structure outside it, would lead to the same reconstruction. However, when the object is finite in sizẽ
is an analytic function. This means that in three-dimensional spaceÕ(Ω) is uniquely determined by its knowledge over a volume in K-space, so that there are no two different object functions with the same structure within the volume (ball) defined by the interior region bounded by the ELS. Indeed, by using the technique of analytic continuation,Õ(Ω)
can be extrapolated to K-space points in the exterior region of the ELS. This suggests that after obtainingÕ(Ω) within the interior of the ELS from the far-field measurements, one could extrapolateÕ(Ω) over the entire K-space and then perform the inverse Fourier transform, leading to a reconstruction of the object function with unlimited resolution, thus restoring the uniqueness of the inverse scattering problem. However, as observed by several authors [20, 21, 22, 23, 24] , analytic continuation is not practically feasible due to its severe instability and high sensitivity to noise.
Clearly, in order to solve the inverse scattering problem it is not necessary to go from the geometric space to the K-space and then back to the geometric space. A number of techniques operating directly in the geometric space have been developed. Here the idea is to find the best fit between the scattered field predicted by a forward model and the measurements. One of the advantages of these methods is that it is possible to incorporate any prior knowledge about the object in the forward model. This additional information helps compensating for the missing spatial frequencies outside the LES. Although, under the Born approximation the inverse scattering problem is linear, these techniques are nonlinear as they attempt to minimize a non-linear functional, typically the root mean square of the residual between the prediction and the measurements. The Maximum Likelihood (ML)
approach is an example of such methods and is discussed in Sec. 6. Thanks to the uniqueness of the inverse problem also these methods can in principle achieve unlimited resolution.
However, as in the case of analytic continuation, they fail to achieve subwavelength resolution in the presence of noise unless strong prior knowledge is available.
Far-field patterns
The aim of this section is to investigate the structure of the scattered field with and without multiple scattering so as to illustrate the encoding of additional information produced by multiple scattering. For this purpose the interaction of the probing wave with the object is described according to the Born approximation and the Foldy-Lax model. For simplicity and clarity of exposition, let us consider a two-dimensional scattering problem. In this case the Green function in eq. (1) is given by
where H 0 is the zero order Hankel function of the first kind. It follows from the far-field
and the asymptotic form of the Hankel function for large arguments that the Green function has the asymptotic form
By substituting (8) into (1) one obtains
where f (kr, kr 0 ) is the scattering amplitude defined as
Here it is assumed that the object consists of two identical small targets modeled as two point scatterers with a separation distance d and located at points z 1 = (−d/2, 0) and
, the coordinate system being shown in Fig. 1(a) . As a result, the object function is modeled as
where δ(·) is the Dirac delta function and where it has been assumed that the scatterers are isotropic with scattering coefficient μ. Moreover, it is assumed that the scattering is elastic, i. e. no dissipation of energy occurs. This condition requires a scattering coefficient of the
where p depends on the scatterer's geometrical and material properties. In general, p is a function of frequency so as to account for the dispersion of the scattering coefficient and its resonances. It can be observed that the imaginary part of μ is always non-zero, apart from the trivial case in which μ vanishes.
From (12) it follows that the Fourier transform of the object function is
where Ω x is the component of the wavenumber Ω alongx (see Fig. 1(a) ).
Under the Born approximation, the field scattered by the two point scatterers is
where the minus sign is required for consistency with eq. (1) and the definition of the object function (12) . By substituting the asymptotic representation of the Green function (8) into (15) and expressing the unit vectors as a function of the angles ϑ and ϕ according to Fig. 1(a) , the scattering amplitude is found to be given by
where the subscript BA stands for Born approximation. With reference to 
then (16) coincides with (14) multiplied by the scaling factor Π; i. e. the scattering amplitude is proportional to the Fourier transform of the object function.
Here there are two important observations. First, the phase of the scattering amplitude is independent of the angles ϑ and ϕ as in the case of scattering by a single point centered between the two scatterers. Second, the Born approximation does not satisfy the optical theorem in the long wavelength limit [25] and therefore violates energy conservation. This is clearly shown in Fig. 2 which compares the scattering cross section and the extinction cross section calculated from (16) when the incident wave is parallel to the line crossing the scatterers as a function of the separation distance between the two points. Since the scattering is elastic, the two should coincide, whereas the scattering cross section is much larger than the extinction cross section (2/k {μ}) when λ >> d. On the other hand, in the short wavelength limit λ << d, the scattering cross section tends to the extinction cross section. Therefore, the Born approximation is consistent with energy conservation only when the scatterers are well separated.
B. Multiple Scattering
Let us now take into account multiple scattering. When the spacing between the scatterers is much smaller than the wavelength the scattering problem has to be modeled according to the Foldy-Lax method [12] . If d > λ, the method is equivalent to the successive scattering procedure [26] whereby the field is obtained by adding the contributions from the infinite reverberations of the wave between the scatterers. However, if d < λ the successive scattering procedure might not converge [27] , thus leading to a non-physical result.
Using the Foldy-Lax model, the scattered field can be written as
where l = 2 if j = 1, l = 1 if j = 2 and
. A detailed derivation of (18) can be found in Ref. [27] . By using the asymptotic form of the Green function (8) the scattering amplitude becomes
The Foldy-Lax formalism is consistent with energy conservation [26] . Therefore, since the scattering is elastic the scattering cross section can be calculated from (19) by means of the optical theorem (A1), thus
Depending on the value of μ, expression (20) More recently, Heller [30] has investigated the same phenomenon in quantum scattering theory with a particular emphasis on the dipole resonant frequency which he has termed a proximity resonance. The existence of this resonance has been demonstrated by means of a microwave experiment performed with two dielectric rods. By spacing the rods 10mm apart, a proximity resonance below 3GHz (d/λ ≈ 0.1) was measured [31] . It has to be stressed that the above results were derived for dispersive scattering coefficients which exhibit a resonance, whereas in Fig. 3 μ is independent of frequency. Therefore the structure of the spectrum shown in Fig. 3 might differ from other examples reported in the literature. On the other hand, the non-dispersive μ is representative of the experiment reported in Ref. [31] , where the resonance of the single rod is quite weak. In the following, the term subwavelength resonance will be used with reference to any resonance or quasiresonance occurring at a subwavelength scale. is very close to that of a monopole source radiating from a single source located between the scatterers.
The encoding mechanism
The far-field patterns described in the previous section can now be used to investigate the encoding of subwavelength information in the far field by multiple scattering. For this purpose let us consider a single scatterer located at the origin of the axis x and y in Fig. 1(a) with a scattering coefficient μ; the scattering amplitude is for different combinations of ϑ and ϕ and it is possible to discriminate between f sin and f BA also in the presence of large experimental errors. This also enables the inversion algorithms to discriminate between the single point scatterer and the pair, or in other words to resolve the two scatterers. In this context, the extent of the residual between f sin and f BA becomes an estimate of the amount of information contained in the far-field measurements.
The second regime occurs when d < λ and is characterized by f BA now approaching 2f sin .
For instance, the scattering amplitude for those values of ϑ and ϕ which span the Ω x axis of the K-space (see transformation 17) can be approximated by
where the superscript x refers to the fact that f BA is calculated along the Ω x axis of the K-space. As a result, if the measurement errors are in the order of or larger than the second order term in (22) the measurements cannot provide sufficient information to discriminate betweenÕ(Ω) and 2Õ sin (Ω), and any imaging algorithm would fail to resolve the two scatterers.
Expression (22) suggests that a suitable metric to estimate the information content in the far field could be defined based on the extent of the variations of the scattering amplitude as θ and φ span the Ω x axis. Such a variation can be estimated by considering the maximum slope of f x BA relative to its average amplitude |f
where the superscript x refers to the variations of f 
The scattering amplitude (with multiple scattering) can be obtained by substituting (24) into (19)
which varies with Ω y in contrast with f BA (0, Ω y ) which is constant and equal to 2μΠ. Similarly, the scattering amplitude along the Ω x axis is
For d << λ, (25) and (26) can be approximated as
and the information factors are
The E y factor is always larger than that obtained under the Born approximation which is zero since the scattering amplitude is constant along Ω y . Moreover, for d < λ, E y is also larger than E x . Similarly E y , is larger than E x BA for d < λ, as shown in Fig. 5 which provides the ratio
as a function of the scatterers separation distance relative to λ. Note that when d approaches λ the approximations in (31) are no longer valid. This explains why the ratio
The fact that both E y and E x are larger than the corresponding coefficients derived under the Born approximation, implies that multiple scattering produces a more diverse pattern for the far-field radiation. This additional diversity only depends on the parameter G d which is representative of the subwavelength, short range interaction between the two scatterers.
Since the subwavelength resonance is the strongest manifestation of such an interaction, this condition has to correspond to the most diverse far-field pattern, so leading to the maximum of (31) shown in Fig. 5 .
The information factor as defined by (23) is based on the modulus of the scattering amplitude and does not consider the information carried by its phase. As it was pointed out earlier, the phase of f BA is independent of the transmit-receive pair considered, in the same way as the phase of the field scattered by a single point scatterer does not depend on the illumination and observation directions. As a result, it can be concluded that the phase of f BA does not carry information about the presence of the two scatterers. On the other hand, the phase of f is strongly dependent on ϑ and ϕ as it can be deduced from Fig. 4(b) . Therefore, suggesting that multiple scattering also encodes information about the two subwavelength spaced scatterers in the phase.
Inverse problem
From the previous section it is clear that, relative to the Born approximation scattering mechanism, multiple scattering encodes additional scatterer information in the far field.
Here it is shown that this information can be exploited to improve the corresponding imaging resolution. This is illustrated by means of the Time Reversal and MUSIC (TRM) imaging method. This approach was first introduced by Devaney [32] and Lev-Ari and Devaney [33] for the localization of point-like reflectors and recently generalized by Hou et al. [15] and Marengo et al. [16] for the estimation (via imaging) of the shape or support of more general, spatially extended scattering objects. In the present far-field context, the method is based on an eigenfunction analysis of the far-field operator and accounts for multiple scattering (see [16] and the references therein). It is important to note that TRM is a shape reconstruction method that is aimed at reconstructing only the shape or support of the scattering object,
and not the object function itself. However, this is sufficient for addressing the question of resolvability of different targets (resolution) under the different forward models (multiple scattering versus Born approximation) for given noise levels.
Consider two scatterers that are placed λ/10 apart and have the same scattering coefficient μ = −1.4142 + 3.4142i (p = 3π/4). They are illuminated from 100, equally spaced directions which cover the angular interval [0 2π], and for each illumination the scattered field is calculated in 100 directions corresponding to the illumination directions. As a result, the far-field operator T ∞ is replaced by a discrete matrix operator, T , of finite size 100 ×100.
T is calculated with the Foldy-Lax model, T F L , and under the Born approximation, T BA , so as to simulate two different physical scenarios in which multiple scattering does and does not occur.
In this example, in the absence of noise TRM achieves unlimited resolution with [34] or without multiple scattering [33] since it leads to the exact solution to the inverse scattering problem. What is shown next is that when noise is present, the resolution deteriorates and the TRM method applied to the multiple scattering data matrix T F L leads to a much higher resolution than when it is applied to the Born approximation data matrix T BA .
In particular, to model the effect of noise in the imaging, the exact T matrices are assumed to be corrupted with additive noise,
where the entry N ij of N is a complex number with a random Gaussian amplitude with standard deviation s and random phase uniformly distributed in [−π π]. Moreover, it is assumed that the random process is stationary for different scattering experiments. The noise level, n, is estimated as follow
where · refers to the Frobenius norm and N is the dimension of T . In the calculations, the same realization of noise was added to T BA and T F L . However, since T BA = T F L a scaling factor was applied to N so as to ensure that n was the same in both cases.
As mentioned before TRM does not reconstruct the object function, but it provides the shape, D, of the object. This is achieved by calculating a functional F (r), also known as pseudo spectrum, for a grid of points r of the space to be imaged. For point-like scatterers, it can be shown that F (r) → ∞ if and only if r ∈ D [33] . In the absence of noise, for the two point scatterers, the functional diverges at the location of the two points whether or not multiple scattering is present in the forward model. This is shown in Fig. 6 which is a cross section of the pseudo spectrum F (r) along the line crossing the two scatterers. The amplitude of the spectrum is normalized with respect to its maximum. Figure 7 is equivalent to Fig. 6 when a 6% noise is added to T BA and T F L . The dashed curve is the spectrum calculated from T BA , whereas the solid curve is obtained from T F L .
Under the Born approximation a noise level as low as 6% causes TRM to fail to resolve the scatterers while under the same noise level, the additional information encoded by multiple scattering enables TRM to resolve the two scatterers. Moreover, since the ratio d/λ is close to the subwavelength resonance (Fig. 3) , it is expected that the effect of multiple scattering should be maximized, so enabling TRM to resolve the two scatterers for much larger noise levels. This is confirmed by Fig. 8 which shows the pseudo spectrum calculated by adding increasingly larger noise levels to T F L , the noise realization being the same. For noise levels in excess of 50% it is still possible to resolve the two scatterers, leading to a dramatic improvement of the performance of TRM. Similar conclusions have been reached in [11] by using the Factorization Method (FM).
This result can be generalized by observing that multiple scattering tends to reduce the fundamental Cramér-Rao Bound (CRB) for the minimal estimation error of the scatterer positions (refer to [9, 10] for earlier results pertinent to this point of view, as outlined in the introduction). Importantly, the CRB point of view is algorithm-independent, thus it highlights the best imaging or scatterer information estimation that is achievable with a given remote sensing system under given noise conditions. For an overview, see [9] which also provides the formulas used in the following simulations. For this purpose the same two-point scatterer system of the previous examples (the same value was assigned to the This analysis complements the previous deterministic considerations and shows from the statistical point of view of the CRB theory that multiple scattering does indeed lead to better resolution, that is, better estimation of the subwavelength structure of an object, relative to what is achievable within the Born approximation physical model.
Maximum likelihood
This section investigates the Maximum Likelihood (ML) method based on two different forward models. The first model uses the Born approximation whereas, the second uses the Foldy-Lax method. The aim here is to show that an inversion algorithm based on the Born approximation leads to severe artifacts when applied to measurements which are affected by multiple scattering.
In contrast with TRM and the Factorization Method (FM), ML makes large use of prior knowledge. In particular here it is assumed that the object to be imaged consists of two scatterers and that they are points. Moreover, to speed up the calculations it is also assumed that both scatterers have the same scattering coefficient μ = −1.4142 + 3.4142i (p = 3π/4).
While the previous assumptions are always required the latter can be relaxed. On the other hand, none of this information is required with TRM and the FM. Therefore, while TRM and the FM provide an image of the shape of the object, ML will only estimate four parameters corresponding to the coordinates of the two scatterers. The estimation of the position of the two points,ẑ 1 andẑ 2 , is obtained by minimizing the residual between the measurements, T n , which in general contain noise and the expected measurements T (z 1 , z 2 ) with respect to z 1 and z 2 , i. e.ẑ 1 ,ẑ 2 = arg min
see, for instance, [9, 35] . Expression (34) represents the inverse problem, whereas the prediction of T (z 1 , z 2 ) is the forward problem. Depending on whether the forward problem is described by the Born approximation or by the Foldy-Lax model, On the other hand, it can be observed that the estimation of the relative distance is almost insensitive to the noise level. This is thanks to the strong prior knowledge which is used in the inversion.
Conclusions
This paper has investigated the role of multiple scattering in subwavelength resolution imaging from far field measurements. The analysis has considered the scattering of plane waves by two point scatterers spaced by much less than a wavelength apart. Although this model might not be representative of a real physical scenario, it is consistent with energy conservation laws (at least in the case of multiple scattering) and accounts for the main physical phenomena which would be encountered in a more realistic situation.
It has been observed that while under the Born approximation the far field pattern of a scattered wave tends to that of a monopole centered between the scatterers, multiple scattering leads to a more complicated pattern which resembles the field due to the superposition of a monopole and a dipole. This more complex structure, is only due to multiple scattering occurring at a subwavelength scale (distance between the points) and represents the additional information which makes subwavelength imaging possible in practice.
To show that the additional information can be extracted to obtain subwavelength resolution in the presence of noise, the Time Reversal and MUSIC (TRM) method was applied to the scattered field predicted without and with multiple scattering. While in the first case it was not possible to resolve the two points with a noise level as low as 6% in the latter the points were resolved with noise levels in excess of 50%, thus demonstrating the beneficial effect of multiple scattering. The same conclusion has been reached in the statistical framework provided by the fundamental Cramér-Rao bound.
Moreover, it has been shown that multiple scattering can degrade the quality of images obtained with inversion algorithms based on the Born approximation. This is due to the fact that the additional information encoded by multiple scattering in the far field is interpreted by these algorithms as a form of coherent noise. This is a very important point since when the object to be imaged is larger than the probing wavelength and its contrast is not negligible multiple scattering effects become dominant.
Appendix A: Scattering coefficient
This appendix derives an expression for the coefficient describing the elastic scattering of energy by a point scatterer which is consistent with the energy conservation law. In two dimensions the optical theorem is written as
where σ is the total cross section (scattering plus absorption cross sections) and the term on the right-hand side is the extinction cross section; (·) refers to the imaginary part of its argument. For elastic scattering, the total cross section equals the scattering cross section, therefore according to the optical theorem the scattering cross section has to be equal to the extinction cross section [2] . This means that the scattering amplitude for a single point scatterer has to satisfy the condition
As a result, for an elastic point scatterer
where p ∈ [0, 2π]. This expression is similar to the equivalent three-dimensional case (see Ref. [36] ). By definition, the scattering coefficient is related to the scattered field, ψ s , and the Green function, G, via
Therefore, by using (A3) and the asymptotic form of the Green function (8) the scattering coefficient becomes
where p depends on the scatterer geometrical and material properties. This expression is consistent with the two dimensional condition given in [37] where, however the scattering coefficient is defined as −μ. In general, p is a function of frequency so as to describe the dispersion of the scattering coefficient and to account for its resonances. 
